Abstract. We assume a vector bundle p : E → M with a general linear connection K and a classical linear connection Λ on M . We prove that all classical linear connections on the total space E naturally given by (Λ, K) form a 15-parameter family. Further we prove that all connections on J 1 E naturally given by (Λ, K) form a 14-parameter family. Both families of connections are described geometrically.
Introduction
The reduction theorems for classical (linear) connections on manifolds are very powerful tools to classify natural (invariant) operators (of any finite order) from the bundle of classical connections and some tensor bundle to another tensor bundle. By reduction theorems all such operators reduce to operators defined on tensor bundles only (operators of curvature tensor fields of classical connections in question, given tensor fields and covariant differentials of the curvature and given tensor fields). For the general theory of natural bundles and operators see [10, 11, 12, 14] and for the proof of reduction theorems for classical connections and their applications see [10, 13] .
The reduction idea for general linear connections on vector bundles is also possible. It is a gauge version of reduction theorems for the gauge group G = GL(n, R). For operators of order one the first reduction theorem for general linear connection is in fact the special case of the Utiyama's theorem, see [1, 10] . In [6] the reduction theorems for general linear connections were proved for operators of any finite orders with values in a gauge-natural bundle of order (1, 0) . In this gauge situation auxiliary classical connections on base manifolds have to be used.
Sometimes we need to study natural operators which have values in a natural or a gaugenatural bundle of higher order. In this case we can use higher order valued reduction theorems, for the case of classical connections see [7] and for the case of general linear connections see [8] . Typical operators of this type are natural tensor fields on the tangent or the cotangent bundle of a manifold with a classical connection or natural tensor fields on the total space of a vector bundle with a general linear connection and a classical connection on the base manifold.
In this paper we use the higher order valued reduction theorems for general linear connections, [8] , to clasify all classical linear connections on the total space of a vector bundle p : E → M and connections on the first jet prolongation J 1 E naturally induced by a general linear connection K on E and a classical connection Λ on M . We shall prove that there is a 15-parameter family of classical linear connections D(Λ, K) on the total space E and a 14-parameter family of connections Γ(Λ, K) on J 1 E. We present also the geometrical description of both families and we show that Γ(Λ, K) can be obtained from D(Λ, K) by using the operator χ described in [9] . The result obtained for classical linear connections on E coincides with the classification of [3] (see also [10] ).
All manifolds and maps are assumed to be smooth. The sheaf of (local) sections of a fibered manifold p : Y → X is denoted by C ∞ (Y ), C ∞ (Y , R) denotes the sheaf of (local) functions.
Higher order valued reduction theorems for general linear connections
In what follows let G = GL(n, R) be the group of linear automorphisms of R n with coordinates (a i j ), i, j = 1, . . . , n. Let M m be the category of m-dimensional C ∞ -manifolds and smooth embeddings. Let VB m,n be the category of vector bundles with m-dimensional bases, n-dimensional fibers and local fiber linear diffeomorphisms and let PB m (G) be the category of smooth principal G-bundles with m-dimensional bases and smooth G-bundle maps (ϕ, f ), where the map f ∈ MorM m . Then any vector bundle (p : E → M ) ∈ Ob VB m,n can be considered as a zero order G-gauge-natural bundle given by the G-gauge-natural bundle functor of associated bundles PB m (G) → VB m,n .
Local linear fiber coordinates on E will be denoted by (x A ) = (x λ , y i ), A = 1, . . . , m + n, λ = 1, . . . , m, i = 1, . . . , n. The induced fiber coordinates on T E or T * E will be denoted by (x λ , y i ,ẋ λ ,ẏ i ) or (x λ , y i ,ẋ λ ,ẏ i ) and the induced local bases of sections of T E or T * E will be denoted by ( 
We define a general linear connection on E to be a linear section K :
The coordinate expression of a linear connection K is of the type
Linear connections can be regarded as sections of a (1,1)-order G-gauge-natural bundle Lin E → M , [1, 6, 10] . The standard fiber of the functor Lin will be denoted by R = R n * ⊗ R n ⊗ R m * , elements of R will be said to be formal linear connections, the induced coordinates on R will be said to be formal symbols of formal linear connections and will be denoted by (
which is of order one. Its coordinate expression is
We define a classical connection on M to be a linear connection on the tangent vector bundle p M : T M → M with the coordinate expression
Classical connections can be regarded as sections of a 2nd order natural bundle Cla M → M , [10] . The standard fiber of the functor Cla will be denoted by Q = R m * ⊗ R m ⊗ R m * , elements of Q will be said to be formal classical connections, the induced coordinates on Q will be said to be formal Christoffel symbols of formal classical connections and will be denoted by (Λ µ λ ν ). The natural subbundle of symmetric classical connections will be denoted by Cla τ M → M with local fiber coordinates (
The curvature tensor field of a classical connection is a natural operator
which is of order one. Let us denote by E p,r
q,s is a vector bundle which is a G-gauge-natural bundle of order (1, 0) . A classical connection Λ on M and a linear connection K on E induce the linear tensor product connection
which can be considered as a linear section
q,s . Then we define, [5] , the covariant differential of a section Φ : M → E p,r q,s with respect to the pair of connections (Λ, K) as a section of E p,r q,s ⊗ T * M given by
In what follows we set ∇ = ∇ (Λ,K) and φ 
Let us denote by C C,i M the i-th curvature bundle of symmetric classical connections given as the image of the natural operator
We denote by
with respect to the surjective submersion, [6] ,
Then the first k-th order valued reduction theorem can be formulated as follows, for the poof see [8] ,
which are of order s with respect to symmetric classical connections and of order r with respect to general linear connections are of the form
where g is a unique natural operator
Further let us denote by Z i E the image of the operator
of order r with respect sections of E
The order (r − 1) of the above operators with respect to linear and symmetric classical connections is the minimal order we have to use. The second reduction theorem can be easily generalized for any operators of orders s 1 or s 2 with respect to connections Λ or K, respectively, where 
where refers to Λ.
Natural classical connections on the total space of a vector bundle
Given a general linear connection K on E and a classical connection Λ on the base manifol M we have an induced natural classical connection D(Λ, K) on E given by, [2, 10] , Proposition 2.1. There exists a unique classical connection D = D(Λ, K) on the total space E with the following properties
for all vector fields X, Y on M and all sections s, σ of E, where h K is the horisontal lift with respect to K, ∇ K , ∇ Λ , ∇ D are covariant differentials with respect to K, Λ , D, respectively, and s V , σ V denote the vertical lifts of the sections s, σ, respectively. In coordinates
which is of order zero with respect to Λ and of order one with respect to K.
The difference of any two classical connections on E is a tensor field on E of the type (1, 2). So, having the connection D(Λ, K), all classical connections on E naturally given by K and Λ are of the type D(Λ, K) + Φ(Λ, K), where Φ(Λ, K) is a natural (1,2)-tensor field on E. Hence, the problem of classiffication of natural classical connections on E is reduced to the problem of classifffication of natural tensor fields on E.
Any tensor field on E is a section of a G-gauge-natural bundle of order (1, 1) . Then, by Theorem 1.2 and Remark 1.4, we get Corollary 2.3. Let Φ be a tensor field on E naturally given by a classical connection Λ on M (in order s) and by a general linear connection K on E (in order r, s ≥ r − 2). Then
where u ∈ E and refers to the classical symmetrized connection Λ. Now we can use the above Corollary 2.3 to classify (1,2)-tensor fields on E. We have Lemma 2.4. All (1,2)-tensor fields on E naturally given by Λ (in order s) and by K (in order r, s ≥ r − 2) are of the maximal order 1 (with respect to both connections) and form a 15-parameter family of operators with the coordinate expression given by
Proof. By the general theory of natural operators, [10] , we have to classify all equivariant mappings between standard fibers of G-gauge-natural bundles in question. T * E ⊗T E ⊗T * E is a G-gauge-natural bundle of order (1, 1) where the action of the group W 
where coefficients are absolute invariant tensors, i.e.,
The equivariance with respect to elements of the type (δ 
, where all coefficients are absolute invariant tensors, i.e.,
The equivariance with respect to elements of the type (δ i j , δ µ ν , a i jµ ) implies n 1 = n 2 = n 3 = 0, n 4 = a 3 − h 2 , n 5 = a 2 − h 1 , n 6 = a 1 , p i = 0, i = 1 . . . , 6, and the other coefficients are arbitrary. Then
Summerizing all results (2.10), (2.11), (2.13), (2.14) and (2.15) we get Lemma 2.4.
As a direct consequence of Lemma 2.4 we have Corollary 2.5. All natural operators transforming Λ and K into classical connections on E are of the maximal order one and form 15-parameter family
where D(Λ, K) is the connection given by Proposition 2.1 and Φ(Λ, K) is the 15-parameter family of natural tensor fields given by Lemma 2.4.
Remark 2.6. In [3] (see also [10] , Proposition 54.3) the same result was obtained by direct calculations without using the reduction theorems. Our result coincides with the result of [3, 10] but our base of the 15-parameter family of operators of Lemma 2.4 differ from the base used in [3, 10] . Now we shall describe the geometrical construction of the operators from Lemma 2.4. First let us recall that we have the canonical immersions ι T * M :
Then we have the following subfamilies of natural operators given by Λ and K. A) Λ gives 3-parameter family of (1,2)-tensor fields on M , [10] , given by
where T is the torsion tensor of Λ,T is its contraction and I T M : M → T M ⊗ T * M is the identity tensor. Then the first 3-parameter subfamily of operators of Lemma 2.4 is given by
). B) Λ and K define naturally the following 9-parameter family of (0,2) tensor fields on M , [10] , given by
where C ij kl is the contraction with respect to indicated indices and C 
where L = y i ∂ i is the Liouville vertical vector field on E. C) The value of the curvature tensor R[K] applied on the Liouville vector field is in
) is the operator standing by e 2 in Lemma 2.4. D) Finally, if we consider ν K as the vertical valued 1-form
the last 2-parameter subfamily of operators from Lemma 2.4 is obtained by applying the
Summarizing the above constructions we get Theorem 2.7. All classical connections on E naturally given by Λ (in order s) and by K (in order r, s ≥ r − 2) are of the maximal order one and are of the form
Corollary 2.8. All natural operators transforming a general linear connection K on E and a symmetric classical connection Λ on M into classical connections on E are of the maximal order one and form the following 4-parameter family 
Corollary 3.5. All natural operators transforming a (general) linear connection K on E (in order r) and a classical connection Λ on M (in order s, s ≥ r − 2) into connections on J 1 E are of the form Lemma 3.6. All natural tensor fields φ(Λ, K) :
given by a classical connection Λ on M (in order s) and by a general linear connection K on E (in order r, s ≥ r − 2) are of the maximal order one (with respect to both connections) and form a 14-parameter family of operators with coordinate expression given by
where all coefficients are real numbers.
Proof. We have the action of the group W The corresponding equivariant mapping φ : 
λµ;ǫ ) which implies that g iν λµj is polynomial with exponents satisfying (2.12). We have the following 2 possible solutions: a 0 = 1 and the other exponents vanish; c = 1 and the other exponents vanish. Then
Similarly, for f i λµj we get, from the equivariance with respect to base homotheties (c δ
λµ;ǫ ) which implies that f i λµj is polynomial with exponents satisfying (2.12) with −2 on the left hand side. We have the following 6 possible solutions: a 0 = 2 and the other exponents vanish; a 1 = 1 and the other exponents vanish; a 0 = 1, c = 1 and the other exponents vanish; b 0 = 1 and the other exponents vanish; c = 2 and the other exponents vanish; d 0 = 1 and the other exponents vanish. Then 
